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We der ive  an exact  re la t ion  for  7rTr sca t t e r ing  which yields the rea l  pa r t s  of the 7rTr par t ia l  wave am-  
pli tudes ~(I)(s) in the  region 4rn~ ~< s ~< 60ra 2 given i) the I = 0 and the I = 2 S wave sca t t e r ing  lengths 

ean  armo 

L e t  F (I)(s, t) d e n o t e  the  mr s c a t t e r i n g  a m p l i t u d e  w i th  i s o t o p i c  sp in  I in  the  s c h a n n e l ,  n o r m a l i z e d  
s u c h  t h a t  

dd z~ i F(1)(s 012 df~ (s, l) = q~- '  , (1) 

w h e r e  s a n d  t d e n o t e  r e s p e c t i v e l y  t he  s q u a r e s  of t he  c e n t r e - o f - m a s s  e n e r g y  and  t he  c e n t r e - o f - m a s s  
m o m e n t u m  t r a n s f e r .  T h e  p a r t i a l  w a v e  a m p l i t u d e s  a~ 1)(s) a r e  d e f i n e d  b y  

= - i f -  ( 2 / +  + , (2) 

w h e r e  k i s  the  c e n t r e - o f - m a s s  m o m e n t u m ,  a n d  " the  i d e n t i c a l  p a r t i c l e  f a c t o r "  2 in  t he  s q u a r e  b r a c k e t  
i s  i n t r o d u c e d  b e c a u s e  of t he  i d e n t i t y  of t he  p i o n s  to o b t a i n  t he  s i m p l e  u n i t a r i t y  r e l a t i o n ,  

I m  a~l)(s)= [all)(s)l 2, 4~<s ~<16 (3) 

w h e r e  we u s e  u n i t s  s u c h  t h a t  t he  p ion  m a s s  i s  un i ty .  T h e  o p t i c a l  t h e o r e m  r e a d s  

~ ( I ) ,  , 8~ ~ ( 2 / + l ) I m  alI)(s ) (4) 
tot~S/ = ~ l=O 

(2) a r e  d e f i n e d  by  T h e  S w a v e  s c a t t e r i n g  l e n g t h s  a (0) a n d  a ° 

a(oI) ( s) 
a (I) - l i m  = ¼ F ( I ) ( 4 ,  0 ) .  (5) 

k - - ' 0  k 

T h e  F(I)(s, t) s a t i s f y  t he  c r o s s i n g  r e l a t i o n s  w r i t t e n  in m a t r i x  n o t a t i o n ,  

F ( s ,  t) = Cs t  F( t ,  s) = Ctu F ( s ,  u) = Csu  F (u ,  t) , (6) 

w h e r e  
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y(s, t) ~ _(1)(s,  t) 

LF (2) (s, t) 

I 1 / 3  1 

Cst = ~113 1/2 

L1/3 -1/2 
and 

, =  (4 - s  - t ) .  

5/3 
-5/6 
1/6 
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(7) 

fioi] I.  , C t u =  -1 , Cs u = } -1 /3  1/2 5 /6 )  , (8) 
0 k 1/3 1/2 1 / 6 ]  

(9) 
Calculation of Re /Ta~,)(s), 4 -.< s < 60. J in  and Mar t in  [1] have e s t ab l i shed  f rom ax ioma t i c  f ie ld  theory  
f ixed t d i s p e r s i o n  r e l a t i ons  with two sub t r ac t i ons  for  F(I)(s,  t) for  I tl  < 4. We may wr i t e  them in m a -  
t r i x  notat ion as  

1 (  ds-' ( s-~--2 u2 Csu) A( s ' , t )  (10) P(s, t )  = C s t [ C ( t )  + ( s - . ) p ( t ) ]  +~ s , 2 ~ g - s  + s ' - ~  ~ ' 

where  the A (I)(s' ,  t) a r e  ab so rp t i ve  p a r t s  defined by 

5 (2,+1)12 (1 + 2, = ~:~4~ ~ (11) 
s '  - 4/=0 

within the l a r g e  L e h m a n n - M a r t i n  e l l i p se  [2], and the sub t rac t ion  cons tants  C( t ) ,  D(t )  a r e  of the fo rm 

Ic:l IZ1 C(t)  = , D( t )  = d ( )(t , (12) 

due to c r o s s i n g  s y m m e t r y .  The main  r e m a r k  we sha l l  make  he re  is  that  the t dependence  of the sub -  
t r ac t ion  cons tants  C(I) and p(t) can be e x t r a c t e d  using c r o s s i n g  s y m m e t r y  at  a f ixed value of s,  say  
s = 0, so a s  to obtaiu a r e l a t ion  involving only e x p e r i m e n t a l l y  a c c e s s i b l e  quant i t i es .  Thus ,  subs t i tu t ing  
eq. (10) into the equation 

Z(O,t) = Cst~F(t, 0),  (13) 

to e x p r e s s  C(t)  and D(t) in t e r m s  of ~(0) and D(0) and e l imina t ing  the l a t t e r  in favour  of the S wave 
s c a t t e r i n g  lengths given by eq. (5), we obtain 

oO 

f f(s,t)  = g l ( s , t )  go + f ds ' [g2(s , t , s ' )A_(s ' ,O)  + g 3 ( s , t , s ' ) A ( s ' , t ) ] ,  (14) 
4 

where  

gl(s ,  t) ~ s(1 - Csu) + t (Cs t -  Csu) + 4Csu , 

11+ Ctu + 2t74__ 4 1-:tu_ - g2(s,t,=') :-c=tk-2 ) ×!.__ F t2 
- ~ s , . ~o  o ÷ 

(15) 

(4 -t)2 C S " s '  -(4 -t) 4t +4(4 -~) C S U j s '  -- ' ' (16) 

g3(=, t, s') i L F  =2 .2 
, ~ ~ s ' 2 L s '  - s + s '  -----~ Csu 

and 

4 (lq) 
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g o  -= • (18)  

Because  of the J i n - M a r t i n  resu l t  [1] and the F r o i s s a r t  bound [3] for t < 0, eq. (14) holds for al l  rea l  
values  of t < 4. Now, the at l )(s)  for s >/ 4 a re  calculated from eq. (14) to yield the re la t ion  

24, ) (s  ) t. ' a(°') J dx/~(x) ~[~ 4 (s, ~ - ~  (l - x)) 
O I '=0,2  

1 ~ J S' ~ ~ l g , ( s ,  ~ ( l _ x ) , s , ) i  m (,') , + 4 f d i s  l (.) f as '  (2V+ 1) - s '  -4 l~0 a r (s)  0 4 / '=0,1,2 ! 

II'. 42S  a(I')(SqPl,(1 + ( 4 - S ) ( 1 - x ) ) f ' ~  (19) + g a  / s , - - ( 1 - * ) , s ' ) * m  v " " ( ~ v ~ y  ~ j ,  

where the , ~ = 1,2,  3, a r e  the ma t r ix  e l ements  of the gi  defined in eqs. (15)-(17). For  the validity 
of eq. (19) we have only to check that the pa r t i a l  wave expansion for A(s', t), eq. (11), used to obtain 
eq. (19), is  valid for s '  = (4, ~), t = (2 -½s, 0). Mar t in  [2] has shown that th.e expansion i l l )  converges  
for  s '  = (4, =) for t = (-28,4).  Hence,  eq. (19) enables  us to calculate  Re a~(I)(s) for 4 ~< s ~< 60 using the 
exper imen ta l  values  of the S wave sca t t e r ing  lengths a(0), no(2) and the exper imenta l  values of the,,~ 
Im ~I)(s ' ) ,  for s '  >I 4. These  values  can then be checked agains t  the exper imenta l  values  of Re a}~(s) 
f ron t  a phase-sh i f t  ana lys i s ,  thus providing a test  of analyt ic i ty ,  c ros s ing  and uni ta r i ty  (used in phase-  
shift analys is ) .  

We may r e m a r k  here  that the ampli tude (14) has s-u c ross ing  s y m m e t r y  bui l t  in and hence complete 
c ro s s ing  s y m m e t r y  would be sa t is f ied if eq. (14) as well as the re la t ion  

F(s ,  t) = Ctu F(s ,  u) 

is  sa t isf ied.  The above re la t ion  together  with eq. (14) yield the c ross ing  condit ions 

oO 

f ds'[{g2(s,t,s') -Ctug2(s ,u ,s ' )}~(s ' ,O)  + {g3(s , t , s ' )d(s ' , t )  -Ctug3(s ,u ,s ' )d(s ' ,u)}]  = O, (20) 
4 

val id  for  It[ and l ul < 4. These  re la t ions  a re  equivalent  to, but somewhat s i mp l e r  than the c ro s s ing  
condit ions of Wanders  [4] and Roskies [5]. Eqs.  (14) and (20) together,  a re  necessary and sufficient 
condit ions for  complete  c ros s ing  s y m m e t r y ;  both of them can be checked d i rec t ly  agains t  exper iment  as 
explained.  

Integral equationsfqr a(.I)(s) for  4 <~ s --< 16. Eq. (19) expresses  Re a!I)(s) for 4 --< s ~< 60 in t e r m s  of 
no(0) , a(2) and the Im a( / ) (~ ' )  for l '  = (0, ~o), I '  = (0, 1,2), and s '  >/ 4. When this value is subst i tu ted into 
the un i ta r i ty  equation l 

aiD(s) = [Ira all)(s)]2 + [Re alI)(s)]2, 4 -.< s ~< 16 , (21) Im 

rote ra l  ua tmns  for Im a! I) we obtain a se t  of coupled n o n - l i n e a r  s ingu la r  " g ~ " l (s) in the in te rva l  4 ~< s ~< 16, 
with the dr iv ing  t e r m s  involving a~0), a(2) and the Im ~ ) ( s )  for s >/16. These in tegra l  equat ions r e -  
semble  in a ma themat i ca l  sense  those ~ud ied  recent ly  by Atkinson [6] and Kupsch [7]; our equations 
a r e ,  however,  different  because  we do not a s s u m e  the Mandels tam represen ta t ion .  It would be i n t e r -  
es t ing if the solut ion to our equations could be shown to be,~ unique, because  it would provide a "con- 
s t ruc t ive  proof" of the r e su l t  that a knowledge of a(o0) , a~o") , and the Im a(iI)(s)~ for s >/ 16, f ixes en t i re ly  
the sca t t e r ing  ampli tude * 

* This result is very similar to a result obtained in the framework of the Maadelstam representation by Martin [8], 
except for the fact that we need to know also the S wave scattering lengths in the present work. 
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Concluding r e m a r k s  
i) Equation (19) is  not equivalent  to a pa r t i a l  wave d i spe r s ion  re la t ion ;  for  example ,  cut -p lane  ana-  

lyt ic i ty  of a l (s) needed for  the d i spe r s ion  re la t ions  is not p roved  at p r e sen t  f rom the assumpt ions  of 
ax iomat ic  f ield theory [2] and does not follow f rom our equat ions because  of the l imi ted  domain of con-  
ve rgence  of the pa r t i a l  wave expansion for  A(s ' ,  t). 

ii) Fu r the r  p r ac t i ca l  and theore t i ca l  appl icat ions  of the p resen t  equations and the i r  compar i son  with 
o ther  pion-pion equations a r e  d i scussed  in a pa r a l l e l  work by Basdevant ,  Le Guillou and Navelet .  

I am indebted to A. P. Balachandran for  col labora t ion  in the ea r ly  s tages  of this work and to J .  L. 
Basdevant ,  J.  C. Le Guiliou and H. Navele t ,  whose work and encouragement  have provided  the n e c e s s a r y  
inspi ra t ion .  
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